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MAASS RELATIONS IN HIGHER GENUS
SHUNSUKE YAMANA
Abstract. For an arbitrary even genus 2n we show that the sub-
space of Siegel cusp forms of degree 2n generated by Ikeda lifts of
elliptic cusp forms can be characterized by certain linear relations
among Fourier coefficients. This generalizes the classical Maass
relations in genus two to higher degrees.
Introduction
The purpose of this paper is to give a characterization of the image
of Ikeda’s lifting by certain linear relations among Fourier coefficients.
Let us describe our results. Let us fix a positive integer n. We denote
by T+m the set of positive definite symmetric half-integral matrices of
size m. Put Dh = det(2h) for h ∈ T+2n. Let dh be the absolute value of
discriminant of Q(((−1)nDh)1/2)/Q. Put fh = (d−1h Dh)1/2.
Fix a prime number p. The Siegel series attached to h is defined by
bp(h, s) =
∑
α
ep(−tr(hα))ν(α)−s,
where α extends over all symmetric matrices of rank 2n with entries in
Qp/Zp. Here, we put ep(x) = e
−2π√−1x′, where x′ is the fractional part
of x ∈ Qp, and ν(α) = [αZ2n + Z2n : Z2n].
As is well-known, bp(h, s) is a product of two polynomials γp,h(p
−s)
and Fp,h(p
−s), where
γp,h(X) = (1−X)
(
1−
(
(−1)ndh
p
)
pnX
)−1 n∏
j=1
(1− p2jX2)
and the constant term of Fp,h is 1. Put
F˜p,h(X) = X
− ordp fhFp,h(p−n−1/2X).
Then the following functional equation holds
F˜p,h(X) = F˜p,h(X
−1).
The author should like to express his sincere thanks to Prof. Ikeda for suggesting
the problem, constant help throughout this paper, encouragement and patience. He
is supported by JSPS Research Fellowships for Young Scientists.
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Ikeda constructed a lifting from S2k(SL2(Z)) to Sk+n(Sp2n(Z)) for
each positive integer k such that k ≡ n (mod 2).
Theorem (Ikeda [1]). Let f ∈ S2k(SL2(Z)) with k ≡ n (mod 2) be a
normalized Hecke eigenform, the L-function of which is given by∏
p
(1− αppk−1/2−s)−1(1− α−1p pk−1/2−s)−1.
Let g be a corresponding cusp form in the Kohnen plus space S+k+1/2(4)
under the Shimura correspondence. We define the function F on the
upper half-space Hn by
F (Z) =
∑
h∈T+
2n
cF (h)e
2π
√−1tr(hZ),
where
cF (h) = cg(dh)f
k−1/2
h
∏
p
F˜p,h(αp).
Here, we denote the m-th Fourier coefficient of g by cg(m). Then F is
a cuspidal Hecke eigenform in Sk+n(Sp2n(Z)).
In [3] Kohnen defined an integer φ(d; h) for each h ∈ T+2n and each
positive integer d such that fh is divisible by d. He showed that
In,k :
∑
m
c(m)e2π
√−1m 7→
∑
h∈T+
2n
∑
d|fh
dk−1φ(d; h)c(d−2Dh)e2π
√−1tr(hZ)
is a linear map from S+k+1/2(4) to Sk+n(Sp2n(Z)), which on Hecke eigen-
forms coincides with the Ikeda lifting.
He also conjectured that if F ∈ Sk+n(Sp2n(Z)) has a Fourier expan-
sion of the form
F (Z) =
∑
h∈T+
2n
∑
d|fh
dk−1φ(d; h)c(d−2Dh)e2π
√−1tr(hZ)
for some function c : {m ∈ N | (−1)km ≡ 0, 1 (mod 4)} → C , then
F belongs to the image of the map In,k. If n = 1, then this conjecture
comes down to saying that the Maass space coincides with the image
of the Saito-Kurokawa lifting, and hence it is true.
Kohnen and Kojima proved the conjecture for all n with n ≡ 0, 1
(mod 4) in [4]. More precisely, they showed that
g(τ) =
∑
m
c(m)e2π
√−1m ∈ S+k+1/2(4).
Let S be a positive definite symmetric even-integral matrices of size
2n − 1. We write Jcuspk+n,S for the space of Jacobi cusp forms of weight
3k+n with index S (see §3 for definition). We write the S/2-th Fourier-
Jacobi coefficient of F by FS/2. The map Ik,n,S is defined by
In,k,S : S
+
k+1/2(4)→ Jcuspk+n,S, g 7→ In,k(g)S/2.
We can take S with detS = 2 if n ≡ 0, 1 (mod 4). Then the map
In,k,S is an isomorphism and is given by
In,k,S :
∑
m
c(m)e2π
√−1m 7→
∑
(a,α)
c
(
det
(
S Sα
tαS 2a
))
e2π
√−1(aτ+S(α,w)),
where (a, α) extends over all pairs (a, α) ∈ Z × S−1(Z2n−1) such that
a > S[α]/2. This is a key observation in [4] and proves the conjecture
when n ≡ 0, 1 (mod 4).
As is well-known, there is no B with det(2B) = 2 if n ≡ 2, 3 (mod 4).
However, we shall show the following:
Theorem (cf. Theorem 1.5). Under the notation above, there is g ∈
S+k+1/2(4) with the following properties.
(1) If n ≡ 3 (mod 4), then c(m) = cg(m).
(2) If n ≡ 2 (mod 4), then the following assertions holds:
(a) F = In,k(g);
(b) if m is not a square, then c(m) = cg(m);
(c) c(f 2) = cg(f
2) + (c(1)− cg(1))fk for every positive integer
f .
We now give a sketch of our proof of Theorem 1.5. The space Jcusp,Mκ,S
consists of Φ ∈ Jcusp,Mκ,S which has a Fourier expansion of the form
Φ(τ, w) =
∑
(a,α)
C
(
det
(
S Sα
tαS 2a
))
e2π
√−1(aτ+S(α,w))
for some function C. Suppose that S is maximal. The main result in [6]
states that the map In,k,S can be extended to a canonical isomorphism
from a certain space of modular forms of weight k + 1/2 onto Jcusp,Mk+n,S
(we recall a precise formulation in §3).
The difficulty in attacking the case when n ≡ 2, 3 (mod 4) is that
In,k,S(S
+
k+1/2(4)) is a proper subspace of J
cusp,M
k+n,S if detS > 2. To solve
the problem, we need the newform theory for modular forms of half-
integral weight, which we recall in §2. In §4 we see that the existence
of a function c gives rise to g ∈ S+k+1/2(4) such that
FS/2 = In,k,S(g)
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for all maximal S. This proves the conjecture for all n, and one could
view the above condition as a natural generalization of Maass relations
to higher genus.
Notation
We denote by Sκ(Spm(Z)) the space of Siegel cusp forms of weight
κ with respect to the Siegel modular group Spm(Z). Let T
+
m be the
set of positive definite symmetric half-integral matrices of size m. We
denote the h-th Fourier coefficient by cF (h) for F ∈ Sκ(Spm(Z)) and
h ∈ T+m . Put e(z) = e2π
√−1z for a complex number z. Put q = e(τ) for
τ ∈ H = H1. Put
Dk = {m ∈ N | (−1)km ≡ 0, 1 (mod 4)}.
We fix a positive integer n throughout this paper. For a non-zero
element N ∈ Q, we denote the absolute value of the discriminant of
Q(((−1)nN)1/2)/Q by dN . Put fN = (d−1N N)1/2 and fp(N) = ordp fN .
For a rational prime p, we put ψ
p
(N) = 1, −1, 0 accordingly asQp(
√
N)
is Qp, an unramified quadratic extension or a ramified quadratic ex-
tension. Put Dh = 4
[m/2] det h for h ∈ T+m , where [ ] is the Gauss
bracket. To simplify notation, we abbreviate dh = dDh and fh = fDh.
Put h[A] = tAhA and h(A,B) = tAhB for a matrices A and B if they
are well-defined.
1. Main Theorem
For an integer e, we define le ∈ C[X,X−1] by
le(X) =

Xe+1 −X−e−1
X −X−1 if e ≥ 0.
0 if e < 0.
For each prime number p, we put
λp,N = lfp(N) − ψp((−1)nN)p−1/2lfp(N)−1.
(see Notation). Kohnen defined an integer φ(d; h) for each h ∈ T+2n and
each positive divisor d of fh (see [3] or [4] for the precise definition).
Let us note that the proof of the main result in [3] states that
(1.1)
f
k−1/2
h
∏
p
F˜p,h(Xp) =
∑
d|fh
dk−1φ(d; h)(d−1fh)
k−1/2∏
p
λp,d−2Dh(Xp)
and the following theorem is a consequence of Ikeda’s lifting, (4.2) and
this formula.
5Theorem 1.1 (Kohnen [3]). Under the notation of Ikeda’s theorem,
(1.2) cF (h) =
∑
d|fh
dk−1φ(d; h)cg(d
−2Dh).
We define the linear map In,k : S
+
k+1/2(4)→ Sk+n(Sp2n(Z)) by (1.2).
Definition 1.2. If k ≡ n (mod 2), the space SMk+n(Sp2n(Z)) is defined
in the following way: F ∈ Sk+n(Sp2n(Z)) is an element of SMk+n(Sp2n(Z))
if there is a function c : Dk → C such that all h ∈ T+2n satisfy
(1.3) cF (h) =
∑
d|fh
dk−1φ(d; h)c(d−2Dh).
Lemma 1.3. If n ≡ 2 (mod 4) and h is an element of T+2n with dh = 1,
then we have ∑
d|fh
dk−1φ(d; h)(d−1fh)k = 0.
Remark 1.4. Lemma 1.3 shows that the parameter c is not uniquely
determined by F in (1.3) if n ≡ 2 (mod 4). More precisely, a function
c′ : Dk → C defined by
c′(m) =
{
c(m) if m /∈ Q×2
c(m) + a · fkm if m ∈ Q×2
is also a parameter of F for each complex number a. We shall show
that these are all parameters of F (cf. Corollary 4.4).
Proof. Although Dk contains 1, it is well-known that there is no B ∈
T+2n such that DB = 1. Therefore either [3, Proposition 1] or [1, Lemma
15.2] shows that
∏
p F˜p,h(p
1/2) = 0. Lemma 1.3 is an easy consequence
of (1.1) in view of
∏
p λp,d−2Dh(p
1/2) = (d−1fh)1/2. 
Our main result is the following:
Theorem 1.5. If F ∈ Sk+n(Sp2n(Z)) admits a Fourier expansion of
the form (1.3), then there is g ∈ S+k+1/2(4) with the following properties:
(1) If n ≡ 0, 1, 3 (mod 4), then c(m) = cg(m) for every m ∈ Dk.
(2) If n ≡ 2 (mod 4), then
(a) F = In,k(g);
(b) If m is not a square, then c(m) = cg(m);
(c) c(f 2) = cg(f
2) + (c(1)− cg(1))fk for every positive integer
f .
Corollary 1.6. The space SMk+n(Sp2n(Z)) coincides with the image of
the linear map In,k.
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2. Modular forms of half-integral weight
We recall certain properties of newforms for the Kohnen plus space
(see [5] for detail).
Fix a positive integer N such that 4−1N is square-free. The space
of cusp forms of weight k + 1/2 with respect to Γ0(N) is denoted by
Sk+1/2(N). We denote the m-th Fourier coefficient of h ∈ Sk+1/2(N)
by ch(m). The Kohnen plus space S
+
k+1/2(N) consists of all functions
g ∈ Sk+1/2(N) such that cg(m) = 0 unless m ∈ Dk.
An operator Uk(a
2) defined by∑
m∈Dk
c(m)qm|Uk(a2) =
∑
m∈Dk
c(a2m)qm
maps S+k+1/2(N) into itself if each prime divisor of a is that of 4
−1N .
The space of newforms Snew,+k+1/2(N) for S
+
k+1/2(N) is the orthogonal
complement of∑
p|4−1N
(
S+k+1/2(p
−1N) + S+k+1/2(p
−1N)|Uk(p2)
)
,
where p extends over all prime divisors of 4−1N , in S+k+1/2(N) with
respect to the Petersson inner product. The space of newforms for
S2k(Γ0(4
−1N)) in the sense of Atkin-Lehner is denoted by Snew2k (4
−1N).
Let T˜ (p2) (resp. T (p)) be the usual Hecke operator on the space of
modular forms of half-integral (resp. integral) weight.
The reader who wishes to learn the following theorem and proposi-
tion can consult [5].
Theorem 2.1. (1) S+k+1/2(N) = ⊕a,d≥1, ad|4−1NSnew,+k+1/2(4a)|Uk(d2).
(2) There is a bijective correspondence, up to scalar multiple, be-
tween Hecke eigenforms in Snew2k (4
−1N) and those in Snew,+k+1/2(N)
in the following way. If f ∈ Snew2k (4−1N) is a primitive form,
i.e.,
f |T (p) = ωpf, f |U(q) = ωqf
for every prime number p ∤ 4−1N and prime divisor q of 4−1N ,
then there is a non-zero Hecke eigenform g ∈ Snew,+k+1/2(N) such
that
g|T˜ (p2) = ωpg, g|Uk(q2) = ωqg
for every prime number p ∤ 4−1N and prime divisor q of 4−1N .
Proposition 2.2. Let g ∈ Snew,+k+1/2(N), p a prime divisor of 4−1N , and
ǫ either 1 or −1. Then the following conditions are equivalent:
7(i) if ψ
p
((−1)kn) = ǫ, then cg(n) = 0;
(ii) g|Uk(p2) = ǫpk−1g.
3. Results of [6]
It is useful to recall certain properties of Jacobi forms before we turn
to the proof of Theorem 1.5 (see [6] for detail).
Let S be a positive definite symmetric even integral matrix of rank
2n− 1. Put L = Z2n−1 and L∗ = S−1L. Let T +S be the set of all pairs
(a, α) ∈ Z× L∗ such that a > S[α]/2.
A Jacobi cusp form Φ of weight κ with index S is a holomorphic
function on H× C2n−1 which satisfies the following conditions:
(i) for every α = ( a bc d ) ∈ SL2(Z), we have
Φ(ατ, w(cτ + d)−1) = (cτ + d)κe(c(cτ + d)−1S[w]/2)Φ(τ, w);
(ii) for every ξ, η ∈ L, we have
Φ(τ, w + ξ · τ + η) = e(−S(ξ, w)− S[ξ] · τ/2)Φ(τ, w);
(iii) Φ has a Fourier expansion of the form
Φ(τ, w) =
∑
(a,α)∈T +
S
cΦ(a, α)q
ae(S(α,w)).
Let Jcuspκ,S be the space of Jacobi cusp forms of weight κ with index S.
For a place v of Q, we put
ηv(S) = hv(S)(detS, (−1)n−1 detS)v(−1,−1)n(n−1)/2v .
Here, let ( , )v be the Hilbert symbol overQv and hv the Hasse invariant
(for the definition of the Hasse invariant, see [2]).
Remark 3.1. As is well-known,
n = 2νp + 2− ηp(S),
where νp is the Witt index of S over Qp for each prime number p.
Let qp be the quadratic form on Vp = L/pL defined by
qp[x] = S[x]/2 (mod p).
We denote by sp(S) the dimension of the radical of (Vp, qp).
We hereafter suppose that L is a maximal integral lattice with re-
spect to S. Then sp(S) ≤ 2. Put Si = {p | sp(S) = i}. Let bS and dS
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be the product of rational primes in S1 and in S2 respectively. For a
non-zero element N ∈ Q, the Laurent polynomial lp,S,N is defined by
lp,S,N =

λp,N if p ∈ S0.
λp,N + ηp(S)p
1/2λp,p−2N if p ∈ S1.
λp,N −
(
(−1)np−2N
p
)
p1/2λp,p−2N − pλp,p−4N if p ∈ S2.
Definition 3.2. The space Jcusp,Mκ,S is defined in the following way:
Φ ∈ Jcuspκ,S is an element of Jcusp,Mκ,S if there exists a function C : Dk → C
such that cΦ(a, α) = C((a− S[α]/2) detS) for every (a, α) ∈ T +S .
The reader who wishes to learn the following theorem and proposi-
tion can consult [6].
Theorem 3.3. Let k be a positive integer with k ≡ n (mod 2). Let b
(resp. d) be a positive divisor of bS (resp. dS). Let f ∈ Snew2k (bd) be a
primitive form, the L-function of which is given by∏
p|bd
(1− αppk−1/2−s)−1
∏
p∤bd
(1− αppk−1/2−s)−1(1− α−1p pk−1/2−s)−1.
Suppose that αp = −ηp(S)p−1/2 for each prime divisor p of b. Let
g ∈ S+k+1/2(4bd) be a corresponding cusp form under the Shimura cor-
respondence. We define a function Φ on H× C2n−1 by
Φ(τ, w) =
∑
(a,α)
cΦ(a, α)q
ae(S(α,w)),
where
cΦ(a, α) = 2
−bbd(∂a,α)cg(d∂a,α)f
k−1/2
∂a,α
∏
p
lp,S,∂a,α(αp)
and ∂a,α = (a−S[α]/2) detS. Here, the number of prime divisors of bd
such that ψ
p
((−1)kN) 6= 0 is denoted by bbd(N) for a positive integer
N . Then Φ is a cuspidal Hecke eigenform in Jcusp,Mk+n,S . Moreover, the
space Jcusp,Mk+n,S is spanned by these Jacobi cusp forms when b and d run
through all positive divisors of bS and of dS respectively.
The S/2-th Fourier-Jacobi coefficient FS/2 of F ∈ Sκ(Sp2n(Z)) is
defined by
FS/2(τ, w) =
∑
(a,α)∈T +
S
cF
(
2−1
(
S Sα
tαS 2a
))
qae(S(α,w)).
As is well-known, FS/2 is an element of J
cusp
κ,S .
9Proposition 3.4. Under the notation as in Theorem 3.3, Φ is equal to
the S/2-th Fourier-Jacobi coefficient of the Ikeda lift of f if b = d = 1.
4. Proof of Main Theorem
Lemma 4.1. Let B ∈ T+2n−1. Assume that DB is square-free. Then∏
p|DB
ηp(B) =
{
1 if n ≡ 0, 1 (mod 4).
−1 if n ≡ 2, 3 (mod 4).
Proof. By the definition of ηp(B), we have
(4.1) η∞(B) =
{
1 if n ≡ 0, 1 (mod 4).
−1 if n ≡ 2, 3 (mod 4).
If p and 2DB are coprime, then we can easily see that ηp(B) = 1. In
view of Remark 3.1, it follows from the classification of maximal Z2-
integral lattice that DB is even if η2(B) = −1. The statement therefore
follows from the Hasse principle. 
Lemma 4.2. For an arbitrary rational prime p, there exists a positive
definite symmetric half-integral matrix B of degree 2n−1 with DB = p.
Proof. It suffices to prove that there exists a positive definite even
integral lattice L with discriminant 2p. We equip a lattice M = Z with
the quadratic form x 7→ 2px2. This lattice is an even integral lattice
with discriminant 2p. Let H ′ be a definite quaternion algebra over Q
with discriminant p and fix a maximal order R′. Take a lattice L′ such
that L′ ⊗Z Zp = P′−1, where let P′ be the maximal ideal of R′ ⊗Z Zp,
and L′⊗ZZq = R′⊗ZZq for every rational prime q distinct from p. We
equip the lattice M ′ = {x ∈ L′ | xι = −x} with the quadratic form
x 7→ 2pxxι. Then this is an even integral lattice with discriminant 2p.
For each prime q, we define a lattice Lq over Zq as follows:
Lq =
{
(M ⊗Z Zq)⊕Hn−1q if n ≡ 0, 1 (mod 4)
(M ′ ⊗Z Zq)⊕Hn−2q if n ≡ 2, 3 (mod 4)
(cf. (4.1)). Here Hq ≃ Z2q is a hyperbolic plane over Zq.
The Minkowski-Hasse theorem (see [2, Theorem 4.1.2]) shows that
there exists a positive definite quadratic space V over Q such that
V ⊗QQq ≃ Lq ⊗Zq Qq for every rational prime q. There exists a lattice
L ⊂ V such that L⊗Z Zq ≃ Lq for every rational prime q. 
Put Ba,α =
(
B Bα
tαB a
)
for B ∈ T+2n−1 and (a, α) ∈ T +2B.
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Lemma 4.3. Let B ∈ T+2n−1 and m a positive integer. Assume that DB
equals a rational prime p. Then the following conditions are equivalent:
(i) there exists (a, α) ∈ T +2B such that DBa,α = m;
(ii) (−1)nm ≡ 0, 1 (mod 4) and(
(−1)nm
p
)
6=
{
−1 if n ≡ 0, 1 (mod 4).
1 if n ≡ 2, 3 (mod 4).
Proof. We have ηp(B) = −1 by virtue of Lemma 4.1. Therefore Lemma
4.3 is a special case of the result in [6, §5]. 
The following corollary is a consequence of Lemma 4.2 and 4.3.
Corollary 4.4. We have
{Dh | h ∈ T+2n} =
{
Dn if n ≡ 0, 1, 3 (mod 4).
Dn − {1} if n ≡ 2 (mod 4).
We define the space Snew,+,+k+1/2 (4p) by
Snew,+,+k+1/2 (4p) = {g ∈ Snew,+k+1/2(4p) | g|Uk(p2) = pk−1g}.
Proposition 4.5. Assume that n ≡ 2, 3 (mod 4). Let p be a rational
prime and B a positive definite symmetric half-integral matrix of degree
2n− 1 with DB = p. Let g ∈ S+k+1/2(4) and h ∈ Snew,+,+k+1/2 (4p). Put
ΦBg,h(τ, w) =
∑
(a,α)∈T +
2B
cg,h(a, α)q
ae(2B(α,w)),
where
cg,h(a, α) = cg(D(Ba,α))−pkcg(p−2D(Ba,α))+2−bp(D(Ba,α))ch(D(Ba,α))
× pfp(D(Ba,α))/2(λp,D(Ba,α)(p−1/2)− p1/2λp,p−2D(Ba,α)(p−1/2)).
Here, we set D(Ba,α) = DBa,α. Then the linear map (g, h) 7→ ΦBg,h maps
S+k+1/2(4)⊕ Snew,+,+k+1/2 (4p) onto Jcusp,Mk+n,2B.
Remark 4.6. We can see that Jcusp,Mk+n,2B = J
cusp
k+n,2B in this case. It follows
from the proof of Theorem 3.3 that the map above is an isomorphism.
These facts are not needed in the sequel.
Proof. Lemma 4.1 shows that ηp(B) = −1 and hence the polynomial
lq,2B,N specifies as follows:
lq,2B,N =
{
λq,N if q 6= p.
λp,N − p1/2λp,p−2N if q = p.
11
If g and h are Hecke eigenforms, and {αq, α−1q } and {βq, β−1q }q 6=p are
the Satake parameters of elliptic cusp forms corresponding to g and h
respectively, then Theorem 2.1 shows that
cg(m) = cg(dm)f
k−1/2
m
∏
q
λq,m(αq),(4.2)
ch(m) = ch(dm)f
k−1/2
m p
−fp(m)/2
∏
q 6=p
λq,m(βq).(4.3)
We thus see that ΦBg,h is a sum of Jacobi forms associated with g and
h in Theorem 3.3. Our statement is now immediate. 
Lemma 4.7. Let p and B be the ones in Proposition 4.5 and Lemma
4.7. If k ≡ n (mod 2) and F ∈ Sk+n(Sp2n(Z)) admits a Fourier ex-
pansion of the form (1.3), then
cF (Ba,α) = c(DBa,α)− pkc(p−2DBa,α).
Proof. Our assertion is a consequence of Proposition 3.4 and (4.2). This
is also a special case of the result in [6, §12] 
Lemma 4.8. Under the notation as in Lemma 4.7, there exists a cusp
form gB ∈ S+k+1/2(4) such that FB = ΦBgB,0.
Proof. Proposition 4.5 yields gB ∈ S+k+1/2(4) and hB ∈ Snew,+,+k+1/2 (4p)
such that FB = Φ
B
gB,hB
.
Seeking a contradiction, we assume that hB 6= 0. Take m ∈ Dk
such that chB(m) 6= 0. By virtue of Proposition 2.2, we see that
ψ
p
((−1)km) 6= 1 and can assume that fp(m) = 0.
For each non-negative integer f , Lemma 4.3 gives a pair (a, α) ∈ T +2B
such that DBa,α = mp
2f , and from (4.3)
chB(D(Ba,α))p
fp(D(Ba,α))/2 = chB(m)p
(k−1/2)f .
Thus Lemma 4.7 shows that
c(mp2f ) = cgB(mp
2f ) + 2−bp(m)chB(m)p
(k−1/2)fλp,mp2f (p
−1/2).
Since the Ramanujan-Petersson conjecture suggests that αq and βq are
of modulus 1, (4.2) and (4.3) show that
cgB(mq
2f ) = O(q(k−1/2+ǫ)f), chB(mq
2f) = O(q(k−1/2+ǫ)f)
for each prime q and every ǫ > 0. Hence c(mq2f) = O(q(k−1/2+ǫ)f) for
all rational primes q distinct from p. We can observe that this is a
contradiction, replacing p with another rational prime. 
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Lemma 4.9. Let q be a rational prime and B′ a positive definite sym-
metric half-integral matrix of degree 2n − 1 with DB′ = q. Under the
notation as in Lemma 4.8, we then have gB = gB′.
Proof. We define the map P (ℓ) : S+k+1/2(4)→ S+k+1/2(4ℓ) by
g|P (ℓ) = g − ℓ1−kg|(T˜ (ℓ2)− Uk(ℓ2))
for each prime number ℓ. According to Lemma 4.3, 4.7 and 4.8,
gB|P (p)(τ) =
∑
m
(
1−
(
(−1)km
p
))
(cgB(m)− pkcgB(p−2m))qm
=
∑
m
(
1−
(
(−1)km
p
))
(c(m)− pkc(p−2m))qm
and hence gB|P (p)P (q) = gB′|P (p)P (q). Operators P (p) and P (q) are
injective in view of Proposition 2.2 (1). 
Next is the proof of Theorem 1.5. We can assume that n ≡ 2, 3
(mod 4) by [4]. We define g to be the function gB in Lemma 4.8, which
is independent of the choice of B on account of Lemma 4.9.
Fix a positive integer m such that (−1)km ≡ 0, 1 (mod 4). If there
exists a rational prime p such that(
(−1)km
p
)
6= 1,
then Lemma 4.2 and 4.3 yield B ∈ T+2n−1 and (a, α) ∈ T +2B such that
DB = p and DBa,α = m. Thus Lemma 4.7 and 4.8 show that
c(m)− pkc(p−2m) = cg(m)− pkcg(p−2m).
If (−1)km is not a square, then we can find p with ψ
p
((−1)km) 6= 1
and deduce that c(m) = cg(m), which proves the case n ≡ 3 (mod 4).
Assume that n ≡ 2 (mod 4). We then have
c(f 2) = cg(f
2) + (c(1)− cg(1))fk.
In view of Lemma 1.3 and Remark 1.4, the proof of Theorem 1.5 is
now complete.
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